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Introduction
The influence of the surrounding environment on the fluorescence process of quantum emitters has been studied extensively, starting off with Purcell [1] . Among various materials that affect fluorescence, metals are of great interest due to the plasmonic resonance of the free electrons with the excitation field. This plasmonic resonance, in turn, can couple strongly with the fluorescence process of nearby emitters. Theoretical and experimental studies of the influence of metallic nanostructures (surfaces, wires, particles, etc.) on fluorescence processes have been developed [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . Nowadays, single molecule detection and spectroscopy are made possible as a result of the near-field optical techniques. In order to improve the detection efficiency, metal tips of various shapes are used to enhance the fluorescence intensity of single emitters [10] [11] [12] [13] [14] . According to currently developed theories, metal nanoparticles in the state of Localized Surface Plasmon Resonance (LSPR) can both enhance the excitation probability of the emitter and quench the fluorescent emission by absorbing energy from it [11] [12] [13] [14] [15] [16] [17] . Numerical calculations with experimental proof have been carried out to illustrate the interaction of a single metal nanoparticle with fluorescent emitters, which are approximated to be simple two-level systems [11] [12] [13] , or three-level systems [14] .
Currently there has been an increasing interest in probing electromagnetic local fields with erbium ions, in which the infrared fluorescence and upconversion fluorescence both exists [18, 19] . The interaction of a metal nanoparticle with upconversion processes is discussed in a theoretical work [14] , which has only explored one emission process of the upconversion fluorescent system. To the best of our knowledge, there has been no study of the real erbium ion system which involves the emission of photons with several ranges of frequencies.
In this paper, we present theoretical calculation of the interaction between a spherical metal nanoparticle (MNP) and the surrounding fluorescent emitter excited by external electromagnetic field. We treat the excitation and relaxation processes of the fluorescent emitter as dipole transitions, and regard the relaxation process as classical electric dipole radiation. With the aid of Mie theory [20], we can calculate the enhancement factor of the excitation probability which depends on the wavelength of the incident field. As to the relaxation processes, a series of expressions for the enhancement factors of various relaxation pathways can be deduced [21] [22] [23] . To reveal the mechanism of the enhancement of fluorescence intensity, we adopt the steady state rate equations, which show the interrelationship of the excitation and relaxation processes, and provide expressions for the fluorescence enhancement factor. The calculated enhancement factor of fluorescence intensity for a two-level system is in well agreement with the reported experimental data, which shows the validity of the rate equation method and our calculation for various enhancement factors in the excitation and relaxation processes. Finally, we extend our calculation to the complex upconversion fluorescence process. After deriving the enhancement factor of the fluorescence intensity of erbium ions, we provide numerical results showing that the MNP with various sizes can either enhance or weaken the upconversion green fluorescence and the infrared fluorescence. The relative enhancement factor of the green light with respect to the infrared light is also calculated, and is shown to vary significantly with the MNP radius and the MNP-dipole distance. Therefore, we may enhance specific dipole transitions by changing these two factors. This result may be applied to tune erbium-doped lasers/fiber amplifiers [24,25] to emit/amplify light with a specific, single wavelength.
The paper is organized as follows. In section 2, the generalized theory of fluorescence enhancement near a single spherical metal nanoparticle is provided. In section 3, we deduce the enhancement factor of the fluorescence intensity for two-level systems and compare the result with the reported experimental data. In section 4, we calculate the enhancement factor of both the upconversion fluorescence and the infrared fluorescence of erbium ions, showing that LSPR may enhance either process. Section 5 is a summary of this article.
Generalized theory on the fluorescence enhancement
Generally, fluorescence consists of two kinds of processes, i.e., excitation and relaxation. Excitation denotes the transition from lower energy levels to higher levels by absorption of photons, while relaxation can occur both radiatively via the emission of photons and nonradiatively via various pathways. For the fluorescent emitter near the MNP, excitation is enhanced due to the enhancement of the local field. As to the relaxation process, radiative decay probability is affected and a new channel of nonradiative decay is introduced. The theory of the fluorescence enhancement is provided as follows.
Excitation
Suppose that an x-polarized plane wave is incident on a homogeneous, isotropic spherical metal particle with wave vector k parallel to the z axis. A fluorescent emitter is located on the x axis with distance r′ from the center of the sphere with radius a, as is shown in Fig. 1 . The fluorescent emitter is excited by the local field which is the sum of the incident field and the field scattered by the sphere. As an approximation, we treat the excitation process as a dipole transition with dipole moment p. According to Fermi's golden rule, the probability that the emitter is excited R is proportional to the square of the modulus of the perturbation Hamiltonian 2 ⋅ p E . Therefore, the enhancement factor of R is obtained as:
where ω is the angular frequency of the incident wave, i E is the incident electric field, and ( ) ′ E r is the local field at the dipole point, which can be written as:
Here s E is the scattered field, the expression of which can be obtained from [20] . We assume that only the dipole oriented along the the x axis is excited [17], as is shown in Fig. 1 . The enhancement factor can then be reduced to a simpler form:
Emission
In the calculation of the emission enhancement, we regard the excited fluorescent emitter as a classical electric dipole. In order to reveal the influence of the MNP on the relaxation process, we ignore the incident plane wave and regard the primary dipole field dip E as the field incident on the MNP. The magnetic permeabilities of the sphere and the surrounding medium are assumed to be equal to the magnetic permeability of the vacuum 0 µ . The angular frequency of the oscillating dipole ω′ can be different from the angular frequency of the incident field ω , and may have one or several continuous range of values, depending on the fluorescence spectrum of the emitter. The incident dipole field and the scattered field can be obtained following the procedures provided in [21] .
To show the influence of the MNP on the fluorescence properties of the emitter, we need to calculate the various related powers. That is, the far field radiated power of incident dipole field 0 P , the far field radiated power of the secondary scattered field sc P , and the power absorbed by the MNP abs P . General theories about the expression for these powers are provided in [22, 23] . The total power for radiative decay, nonradiative decay, and energy transfer process of a fluorescent emitter is: 0 . total r nr abs Here 0 nr P is the intrinsic nonradiative decay power and is independent of the environment, thus it does not change because of the plasmonic oscillation inside the MNP.
These powers are related with the relaxation probabilities of the emitter. For the isolated dipole, the radiative decay probability can be obtained as:
The total decay probability and the nonradiative decay probability are obtained as:
Here we have introduced η as the intrinsic quantum efficiency, defined as the fraction of emission probability to the total decay probability.
As to the dipole in the vicinity of the MNP, the radiative decay probability and total decay probability are modified due to the interaction of the dipole and the localized plasmonic oscillation inside the MNP:
.
The enhancement factor of the total decay probability is obtained as:
The presence of the MNP introduces energy transfer from the dipole to the MNP as a new channel to dissipate energy. The energy transfer probability is:
The quantum efficiency of the dipole coupled to the MNP is obtained as follows:
The enhancement factor of the quantum efficiency is:
1 .
Up till now, we have obtained the expressions for the excitation enhancement factor and the enhancement of the total decay probability, together with the enhancement of the quantum efficiency of the florescent emitter near the MNP. While the excitation enhancement depends on the wavelength of the incident plane wave, the modification of the various factors in the relaxation process does not rely on the excitation field, and is dependent on the emitted photon energy ω′ ℏ (determined by the energy difference between the upper and lower transition levels) and the orientation of the dipole moment p.
Enhanced fluorescence intensity of two-level systems
Currently, the enhancement of fluorescence intensity near metal nanoparticle(s) is generally viewed as the result of two independent processes: excitation enhancement and emission enhancement [11] [12] [13] [15] [16] [17] . However, when taking into account the time evolution of the fluorescence process under continuous pumping, the excitation and relaxation processes of the fluorescent emitter should be interrelated. To show the relation of these two processes, we adopt the rate equations of the fluorescence process to deduce the expression for the fluorescence enhancement factor.
For two-level systems, the energy levels are shown in Fig. 2 . Note that for each electronic level, there are many vibrational levels around it. In general, the relaxation processes between these vibrational levels are much faster than the transition between the two electronic levels. Therefore, it is reasonable to ignore these vibrational relaxation processes when writing the rate equations of the system. Thus, we can easily obtain the rate equations as follows:
where R and W are the excitation probability and total decay probability, respectively. And N is the total population of the fluorescent emitter, while 0 N and 1 N are the population of state 0 and state 1 , separately. For a single emitter, N = 1, and 0 N , 1 N denotes the probability that the emitter is at each energy level at the time t.
In the steady state, we can obtain the following results: 
The fluorescence rate is obtained as:
It should be noted that the fluorescence rate here means the number of photons emitted per unit time, and is different from the excitation and decay probability which is the probability of transition per unit time.
For weak excitation, the fluorescent emitter is in the thermal equilibrium state, thus satisfy the Boltzmann distribution law. Under this condition,
where 1 E and 0 E are the energy eigenvalues of the state 1 and 0 , respectively. When the radiation wavelength is in the range of visible or infrared spectrum, we can get the relation:
Noting that
Equation (21) shows that the fluorescence rate is proportional to the excitation probability and the quantum efficiency, which corresponds to the excitation and relaxation process, respectively. Thus, the enhancement factor of the fluorescence intensity is:
This result is in agreement with those reported in [11] [12] [13] [14] [15] [16] [17] . To calculate this enhancement factor, we choose gold as the material for the metal nanoparticle, and the fluorescent emitter is taken to be Nile Blue, which has a simple two-level system. The dielectric constant of gold is obtained from [26] , and various other parameters are taken from [12] , which are listed as follows: 1
The calculated results for the two-level system are shown in Fig. 3 .
We can see that ex h decreases rapidly with the decrease of dipole-MNP distance, while q h rises until reaching unity. As to the fluorescence enhancement factor, it reaches maximum when the distance is 5nm. Below this distance, the enhancement factor drops as a result of the quenching effect. It should be noted that classical electrodynamics will be invalid when the distance becomes too small (less than 2nm), so will our calculated results. At larger distance, the fluorescence enhancement also decreases due to the decrease of excitation enhancement, and ultimately reaches unity, which means that the MNP will have no effect on the fluorescent dipole. Taking into account the specific condition that the dielectric layer at the surface of the MNP increases the fluorescence enhancement by a factor 2-3 in the close vicinity of the MNP as reported in [12] , our calculated results for the fluorescence enhancement are in well agreement with the experimental data in this reference.
Influence of MNP on nearby upconversion fluorescence systems
In this section, we focus on the simplification of multi-level fluorescence systems, and calculate the fluorescence enhancement factors of different fluorescence processes. The theory is outlined below with numerical results provided, showing the tunability of specific fluorescent transitions by using MNP.
Theory
To understand the fluorescence process of quantum emitters with complex energy levels, we can illustrate the interrelationship of the excitation and relaxation processes with the aid of the rate equations of the system. As an example, we have calculated the fluorescence intensity of green light (which generally dominates the visible spectrum) and infrared light for erbium ions. For simplicity, we only consider the excited state absorption (ESA) upconversion processes which results in green emission with the transition I I → which produces infrared light. Thus, we reduce the complex energy level diagram of erbium ions to a simple form, as shown in Fig. 4 .
Similar to the treatment of the vibrational relaxation processes in two-level fluorescence systems, we assume that the MPR (Multi-phonon assisted Relaxation) processes 2′ and 2′′ ). For simplicity, we write level 2′′ and 2′ as level 2 and 3 in the following calculation. We further assume that the branching ratio from higher excited states 2 and 3 to the ground state 1   1  12  12  12  2  3  01  2  3   12  2  2  1  2   12  3  3 
The fluorescence rate of the transition 0 i → (i = 0, 1, 2, 3) can be written as:
where i η is the intrinsic quantum efficiency of the transition 0 i → . We can see that the fluorescence rate of every level depends on all the parameters R and W. To calculate the enhancement factor of the fluorescence rate, we need to know the parameters R and W for the isolated emitter, together with the enhancement factor for each R and W for the emitter in the vicinity of the MNP. However, the results can be much simpler when we calculate the relative enhancement factor of the green light compared to the infrared light. In fact, the ratio of the fluorescence intensity of the transition 0 i → (i = 2, 3) with respect to that of 1 0 → can easily be obtained by using Eq. (25) as:
According to Eq. (24),
Assume that i α do not change because of the presence of the MNP, we get the relative enhancement factor:
where fluoi h , qi h and In order to understand the basic enhancement mechanisms of the upconversion process in the vicinity of the MNP, we would like to reduce Eqs. (24-25) to simpler forms. To reach this goal, we need to restrict the excitation condition to the weak excitation, where the erbium ions are in the thermal equilibrium state. Hence, similar to Eq. (17), we have: , which is the lifetime of the metastable energy level 1 . This is due to the fact that the population of level 1 is proportional to its lifetime and that the transition rate from level 1 to level i is proportional to the population of level 1 . Thus, we can easily obtain the relation
The enhancement factor of each emission rate is obtained as: 
Numerical results
We have calculated the enhancement of the 547nm upconversion fluorescence ( 2 0 → ), the enhancement of the 1533nm infrared fluorescence ( 1 0 → ), and their relative enhancement for erbium ions near the MNP with three different values of radius: 50nm, 100nm, 150nm. The quantum efficiencies of erbium ions in absence of the MNP and the refractive index of the medium used in our calculation are taken from [27] . Specifically, the quantum efficiencies of the 547nm upconversion fluorescence and the 1533nm infrared fluorescence are taken to be 0.0085 and 1, respectively. The excitation wavelength is 973nm, and the refractive index of the medium ( 2   3  2  3 12 Na O Ca Al Ge O ⋅ glass) is calculated using the equation 150nm, both processes may either be enhanced or weakened with the change of the MNP-dipole distance. For the relative enhancement factor, it is greater than 1 when the MNP radius is 50nm, revealing that the MNP favors the upconversion process. When the MNP becomes larger, this factor drops. For MNP with radius 100nm, this factor is greater than 1 when the dipole-MNP distance is smaller than 26nm, and falls under 1 as the distance becomes larger. As to the 150nm radius MNP, the fluorescence enhancement of the infrared emission is larger than that of the upconversion fluorescence when the dipole-MNP distance is smaller than 287nm. These numerical results show that the MNP may either enhance or weaken the infrared fluorescence and the upconversion fluorescence of the nearby erbium ions. By tuning the MNP radius and the dipole-MNP distance, we can selectively enhance either fluorescence process.
Conclusion
In conclusion, we have studied and provided insights into the effect of a metal nanoparticle on the fluorescence process of nearby emitters. Specifically, we have calculated the fluorescence enhancement factor of quantum emitters with two-level and multi-level energy systems near a single spherical metal nanoparticle. Our results show that the presence of MNP makes it possible to selectively enhance either the upconversion fluorescence or the infrared fluorescence of erbium ions.
